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Why Coulomb branches of 3d A/ = 4 gauge theories?

Physics point of view
e Coulomb branch affected by quantum corrections

» abelian theories understood
» “some” quiver gauge theories understood via branes

» Q: what about generic non-abelian theory?

e study Coulomb branch from algebraic perspective

—— Hilbert series



Why Coulomb branches of 3d A/ = 4 gauge theories?

Maths point of view
e hyper-Kihler geometry
» hyper-Kdhler quotient — e.g. Higgs branch

» “other means” — e.g. Coulomb branch



@ Set-up

@® Analysis of monopole formula
Cones, fans, and monoids

Summing the Hilbert series

© Example
SU(3) with N fundamentals

O Conclusions and outlook
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Defined by
e choice of gauge group: a compact Lie group G

e choice of matter content: a representation R



3d NV = 4 gauge theories

Defined by
e choice of gauge group: a compact Lie group G
e choice of matter content: a representation R
Bosonic field content

e vector multiplet: (v-plet)

{ N=4 v-plet } B {./\/=2 v—pIet} N { N=2 chiral }
(A’ ¢1’ ¢2’ ¢3) (A7J = ¢3) ((I> = d)l + 1¢2)

e hypermultiplet: (h-plet)

4N real scalars for some N = 0
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Coulomb branch

Monopole operators [Borokhov, Kapustin & Wu]

— generate entire chiral ring
e Dirac monopole singularity for A
Aioc% (£1 —cos)dy
with Dirac quantisation condition exp (2mim) =1¢
— GNO-dual group G
e by N =2 supersymmetry: o ~ £ for r — o0 ,
e by NV = 4 supersymmetry: ® € Lie(H,,)

» if ® =0 then bare monopole operator

» if & # 0 then dressed monopole operator
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Monopole formula

Objective: count all bare and dressed monopole operators
— proposed by [Cremonesi, Hanany & Zaffaroni]

HSq(t,2) = > A Pyt m)
mehw(G)/Wg

» SU(2)p isospin: conformal dimension

Am) =330 3 Jom)] — Y Jatm)

i=1peR; acd

rk(G) 1
J=1 (1—4%)

» Casimir invariance: Pg(t,m) =[]

» global symmetries charges: J(m)



@® Analysis of monopole formula
Cones, fans, and monoids

Summing the Hilbert series
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Cones, fans, and monoids —1—

Aim: HSq(t, 2) = 3 2 (M)EA™) P (t, m)
Au(G)Wg
Course of action:
e Ay (@)/W@ is a monoid of dominant Weyl chamber og
e positive grading A for good theories [Gaiotto & Witten]

e summand: t contains |p(m)|

— split summation range



Cones, fans, and monoids —2—

e For each weight v in A define

I
o

N
-+

hyperplane H, = {met| p(m)=0}
half-space H:f ={met|pum)Z0}ct.



Cones, fans, and monoids —2—

e For each weight v in A define

0

N

hyperplane Hy,={met|pum)=0}ct,
half-space Hf={met|pum)Z0}ct.
e All absolute values resolved on each
Ot enyeq = Hf}l o) H;i S REENe Hﬁg ct
with ¢ =+ for i=1,...,Q.
— polyhedral cones

I'={ all weight in A which are not multiples },

Q=T

,and p; €T
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Cones, fans, and monoids —3—

¢ Restrict to dominant Weyl chamber og
Cp = 0c 69,0 N O with p = (e1,€2,...,€Q) .

— Q: When is Cp, < o-é?

<
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Cones, fans, and monoids —4—

Relevant weights

1 € T leads to hyperplane intersecting Weyl chamber of G
non-trivially < neither p nor —pu lies in rational cone spanned

by simple roots ®; of G.

e Restrict to magnetic weight lattice — monoids

~

Sp = Cp N Ay (G) for pel

» Gordan’s lemma: S, are finitely generated
» Exists unique minimal generating set of .S,
—> the Hilbert basis 7(Sy)
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Cones, fans, and monoids —5—

e Summation range: monoids S, pe I

o Cones constitute a fan Fa — {C), | pe I}

Collection {H(Sy) |p € I} of Hilbert bases is the necessary

set of (bare) monopole operators for a theory with conformal

dimension A.
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For simplicity: rank two gauge group

Hilbert bases:

H(Sp") = ()

— ray generators

H(SEY) = {apr, @y, ()}




Summing the Hilbert series —1—

For simplicity: rank two gauge group
Hilbert bases:
1
H(Sp) = {a)
— ray generators
2
H(Szg )) = {@p-1, 2p, {k} i}
oY
seSI()Z) has representation
oW
L=2 5=Q0Tp—1+a1Tp+ Z bub
K

but not unique

Cél_)l — be careful




Summing the Hilbert series —2—

Q: How to sum over monoid?
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Summing the Hilbert series —2—

Q: How to sum over monoid?

fundamental parallelotop
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Q: How to sum over monoid?

fundamental parallelotop
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Summing the Hilbert series —2—

Q: How to sum over monoid?
fundamental parallelotop

ma
o e 2 .
e P(Cz(? )).—{aoxp_1 + a1z |
/” \
’,(' A 0<a0,a1<1}
-7 \ N
. . o\ e o v .
»F\/®‘: NP approach
A4 \ Pha
\ - \ vm .
oA L' » sum sub-monoid spanned
\ gl ‘\ -7
-7 \ -
Q Tt X by x,—1 and x,
\ Phe A
I VIR )
PRI o » transport P(Cp,”’) along
. e \ e . /\ .
A} \ _ - )
\ RO sub-monoid
\\(/’/ \\ \\.

P(C’I(,Q)) contains #,:=| det(xp_1,xp)|—1 points
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Summing the Hilbert series —3—

HSq(t) = A Pg (t,m)
meAw(G)/We
L

Pg(t,0) + > Pa(t,z,) > twAw)

p=0 np>0

0-dim. monoid

)

1-dim. monoids

L
+ Z Z PG(t7 ‘rp—l + .’L'p)tA(nP—lxp—l-‘rnpxp)

p=1np_1,np>0
AN

J

sub-monoid spanned by x,_1 and z;,



Summing the Hilbert series —3—

HSg(t)= ),  t2MPs(t,m)
meAw(G)/We
L
= Pu(t,0) + ) Pa(t,zy) D) twaw)
0-dim. monoid P~V _ np>0 S

1-dim. monoids

L
+ Z Z PG(t7 ‘rp—l + .’L'p)tA(nP—lxp—l-‘rnpxp)

p=1np_1,np>0
AN

J

sub-monoid spanned by x,_1 and z;,

ETS OS] Poltsiein)

p=1se#p np—1,mp=0

)

~
transport fundamental parallelotop around



Summing the Hilbert series —4—

_ PG(t 0) L zq
HSG_]‘[p o (1— tA(wp)){H <1_tA( ))
L

3 RO T (1)
q=0

R o] 11 (o))

SEH#4



Summing the Hilbert series —4—

 Pa(t,0) L .
HSG_]‘[p o (1- tA(wp)){H (1)

q=0
L
e [1 (o)
4= ooy
L
n Z P(I;Dg tc*o) [tA 2g-1)+A(zq) 4 ; Al } H) (1 A m)}
S q 1

Rational function with
» denominator Pg(t,0)/ HLO (1—tA (@)

» numerator {...}



Summing the Hilbert series —5—

Observations:

e Apparent poles: Casimirs of G and ray generators z,



Summing the Hilbert series —5—

Observations:
e Apparent poles: Casimirs of G and ray generators z,
e Insights on dressed monopole operators

# dressed monopoles . Pq(t,m)  |[Wgl

= = eN
+1 bare monopole t—1 Pg(t,0) Wh,, |

Pg(t,m)
PG (t,O)

and degrees from as polynomial



Summing the Hilbert series —5—

Observations:
e Apparent poles: Casimirs of G and ray generators z,

e Insights on dressed monopole operators

# dressed monopoles  Pg(t,m)  |[Wg| N
= = €
+1 bare monopole t—1 Pg(t,0) Wh,, |
and degrees from ];%%’g)) as polynomial

e Hilbert series determined by finite set of numbers



Summing the Hilbert series —5—

Observations:
e Apparent poles: Casimirs of G and ray generators z,

e Insights on dressed monopole operators

# dressed monopoles  Pg(t,m)  |[Wg| N
= = €
+1 bare monopole t—1 Pg(t,0) Wh,, |
and degrees from ];%%’g)) as polynomial

e Hilbert series determined by finite set of numbers

e Same procedure for refined Hilbert series
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gauge group SU(3) GNO-dual SU(3)/Z3 = PSU(3)
x a)‘(v x x.

= expect three bare monopole generators
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SU(3) gauge theory with N fundamentals

GNO-dual SU(3)/Z3 = PSU(3)

. e M({

H,, = U(1) x U(1)
H,, = SU(2) x U(1)

H,, = SU(3)

# dressings ‘m _ _Msuml
+1bare 1701 = DVsuia)xu)]
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SU(3) gauge theory with N fundamentals

GNO-dual SU(3)/Z3 = PSU(3)

H,, = U(1) x U(1)

. o T1® ° ‘ H, = SU(Q) X U(l)
. g H, = SU(3)
ma2 # dressings ‘m _ Wsus)| _
R +1 bare mé Wsu2)xu)l
# dressings ‘ _ DMsuwl  _
. R +1bare Im3z — Wymyxuml

= expect 12 monopole generators
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SU(3) gauge theory with N fundamentals

Hilbert series
T+ tV=3(2 4+ 2t +12) + 2V6(1 + 2t + 2¢2) + 3N 7

HS = (1 —12)(1 — 3)(1 — tN—4)(1 — t2N-6)

— Casimir invariants SU(3)



SU(3) gauge theory with N fundamentals

Hilbert series
Hs < Lt tNT3(2 4 2t + 7)) + V(1 4 20 + 20%) + 3N T
B (1 —2)(1 —#3)(1 — tN—4)(1 — 2N -6)

— bare and dressed monopoles for mq and mo



SU(3) gauge theory with N fundamentals

Hilbert series
Hs < Lt tN=3(2 4 2t + 12) + 12V 76(1 4 2t + 2t%) 4- 3N T
B (1 —2)(1 —#3)(1 — tN-4)(1 — ¢2N-6)

— bare and dressed monopoles for mg
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Conclusions

Understood impact of choices ...

gauge group matter content
» GNO Weyl chamber » fan within Weyl chamber
— monoid — selection of monoids
» Casimir invariance » Hilbert series for monoids
— Poincare series — graded by A

= intertwine to monopole formula
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Conclusions

Now clear how to ...

rearrange and sum the monopole formula.

select bare monopole generators

«— Hilbert bases for monoids.

determine number and degree of dressed monopole
operators

<« fractions of Poincare series Pg(t,m).

proceed with higher rank gauge groups.



Outlook

Geometric picture suggests . ..
e Hilbert series of monoids —> commutative algebra
o M “patched together” from coordinate rings of monoids?

e might lead to insights on relations between generators.
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