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Why Coulomb branches of 3d N “ 4 gauge theories?

Physics point of view

‚ Coulomb branch a�ected by quantum corrections

§ abelian theories understood

§ �some� quiver gauge theories understood via branes

§ Q: what about generic non-abelian theory?

‚ study Coulomb branch from algebraic perspective

ÝÑ Hilbert series



Why Coulomb branches of 3d N “ 4 gauge theories?

Maths point of view

‚ hyper-Kähler geometry

§ hyper-Kähler quotient Ñ e.g. Higgs branch

§ �other means� Ñ e.g. Coulomb branch
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3d N “ 4 gauge theories

De�ned by

‚ choice of gauge group: a compact Lie group G

‚ choice of matter content: a representation R

Bosonic �eld content

‚ vector multiplet: (v-plet)
#

N“4 v-plet

pA, φ1, φ2, φ3q

+

“

#

N“2 v-plet

pA, σ ” φ3q

+

`

#

N“2 chiral

pΦ ” φ1 ` iφ2q

+

‚ hypermultiplet: (h-plet)

4N real scalars for some N ě 0
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Coulomb branch

Monopole operators [Borokhov, Kapustin & Wu]

ÝÑ generate entire chiral ring

‚ Dirac monopole singularity for A

A˘9
m

2
p˘1´ cos θqdϕ

with Dirac quantisation condition exp p2πimq“1G

Ñ GNO-dual group pG

‚ by N “ 2 supersymmetry: σ „ m
2r for r Ñ8 ,

‚ by N “ 4 supersymmetry: Φ P LiepHmq

§ if Φ “ 0 then bare monopole operator

§ if Φ ‰ 0 then dressed monopole operator
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Monopole formula

Objective: count all bare and dressed monopole operators

Ñ proposed by [Cremonesi, Hanany & Za�aroni]

HSGpt, zq “
ÿ

mPΛwppGq{W
pG

zJpmqt∆pmqPGpt,mq

§ SUp2qR isospin: conformal dimension

∆pmq “
1

2

n
ÿ

i“1

ÿ

ρPRi

|ρpmq| ´
ÿ

αPΦ`

|αpmq|

§ Casimir invariance: PGpt,mq “
śrkpGq
j“1

1

p1´tdj q

§ global symmetries charges: Jpmq
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Cones, fans, and monoids �1�

Aim: HSGpt, zq “
ř

mPΛwppGq{W
pG

zJpmqt∆pmqPGpt,mq

Course of action:

‚ Λw
`

pG
˘

{W
pG
is a monoid of dominant Weyl chamber σ

pG

‚ positive grading ∆ for good theories [Gaiotto & Witten]

‚ summand: t∆ contains |ρpmq|

Ñ split summation range
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Cones, fans, and monoids �2�

‚ For each weight µ in ∆ de�ne

hyperplane Hµ :“ tm P t | µpmq “ 0u Ď t ,

half-space H˘µ :“
 

m P t | µpmq ěď 0
(

Ď t .

‚ All absolute values resolved on each

σε1,ε2,...,εQ :“ Hε1
µ1 XH

ε2
µ2 X ¨ ¨ ¨ XH

εQ
µQ Ă t

with εi “ ˘ for i “ 1, . . . , Q .

Ñ polyhedral cones

Γ“t all weight in ∆ which are not multiples u,

Q“|Γ|, and µi P Γ
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Cones, fans, and monoids �3�

‚ Restrict to dominant Weyl chamber σ
pG

Cp :“ σε1,ε2,...,εQ X σpG
with p “ pε1, ε2, . . . , εQq .

Ñ Q: When is Cp Ĺ σ
pG?

α1

α2 σ_
pG

σ_
pG

µ

µ

µ

λ1

λ2

σ
pG

Hµ
Hµ

Hµ
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Cones, fans, and monoids �4�

Relevant weights

µ P Γ leads to hyperplane intersecting Weyl chamber of pG

non-triviallyô neither µ nor ´µ lies in rational cone spanned

by simple roots Φs of G.

‚ Restrict to magnetic weight lattice Ñ monoids

Sp :“ Cp X ΛwppGq for p P I

§ Gordan's lemma: Sp are �nitely generated

§ Exists unique minimal generating set of Sp,

ùñ the Hilbert basis HpSpq
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Cones, fans, and monoids �5�

‚ Summation range: monoids Sp, p P I

‚ Cones constitute a fan F∆ “ tCp | p P Iu

Claim

Collection tHpSpq | p P Iu of Hilbert bases is the necessary

set of (bare) monopole operators for a theory with conformal

dimension ∆.
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Summing the Hilbert series �1�

For simplicity: rank two gauge group

C
p2q
1

C
p2q
2

C
p2q
3

C
p2q
L´1

C
p2q
L

C
p1q
0 C

p1q
1

C
p1q
2

C
p1q
3

C
p1q
L´2

C
p1q
L´1

C
p1q
L

Cp0q

Hilbert bases:

HpSp1qp q “ txpu
Ñ ray generators

HpSp2qp q “ txp´1, xp, tu
p
κuκu

s PS
p2q
p has representation

s“a0xp´1`a1xp`
ÿ

κ

bκu
p
κ

but not unique

Ñ be careful



Summing the Hilbert series �1�

For simplicity: rank two gauge group

C
p2q
1

C
p2q
2

C
p2q
3

C
p2q
L´1

C
p2q
L

C
p1q
0 C

p1q
1

C
p1q
2

C
p1q
3

C
p1q
L´2

C
p1q
L´1

C
p1q
L

Cp0q

Hilbert bases:

HpSp1qp q “ txpu
Ñ ray generators

HpSp2qp q “ txp´1, xp, tu
p
κuκu

s PS
p2q
p has representation

s“a0xp´1`a1xp`
ÿ

κ

bκu
p
κ

but not unique

Ñ be careful



Summing the Hilbert series �1�

For simplicity: rank two gauge group

C
p2q
1

C
p2q
2

C
p2q
3

C
p2q
L´1

C
p2q
L

C
p1q
0 C

p1q
1

C
p1q
2

C
p1q
3

C
p1q
L´2

C
p1q
L´1

C
p1q
L

Cp0q

Hilbert bases:

HpSp1qp q “ txpu
Ñ ray generators

HpSp2qp q “ txp´1, xp, tu
p
κuκu

s PS
p2q
p has representation

s“a0xp´1`a1xp`
ÿ

κ

bκu
p
κ

but not unique

Ñ be careful



Summing the Hilbert series �2�

Q: How to sum over monoid?

m1

m2

fundamental parallelotop

PpCp2qp q:“ta0xp´1 ` a1xp |

0 ă a0, a1 ă 1u

approach

§ sum sub-monoid spanned

by xp´1 and xp

§ transport PpCp2qp q along

sub-monoid

PpCp2qp q contains #p:“|detpxp´1, xpq|´1 points
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Summing the Hilbert series �3�

HSGptq “
ÿ

mPΛwppGq{W
pG

t∆pmqPGpt,mq

“ PGpt, 0q
looomooon

0-dim. monoid

`

L
ÿ

p“0

PGpt, xpq
ÿ

npą0

tnp∆pxpq

looooooooooooomooooooooooooon

1-dim. monoids

`

L
ÿ

p“1

ÿ

np´1,npą0

PGpt, xp´1 ` xpqt
∆pnp´1xp´1`npxpq

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

sub-monoid spanned by xp´1 and xp

`

L
ÿ

p“1

ÿ

sP#p

ÿ

np´1,npě0

PGpt, sqt
∆ps`np´1xp´1`npxpq

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

transport fundamental parallelotop around
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Summing the Hilbert series �4�
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Outlook

Geometric picture suggests . . .

‚ Hilbert series of monoids ÝÑ commutative algebra

‚ MC �patched together� from coordinate rings of monoids?

‚ might lead to insights on relations between generators.
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